Abstract. In this paper the ubiquity of non-Buchsbaum but quasi-Buchsbaum rings is established. The result is stated as follows: Let d 3> 3 and h¡, h2,. ■■, hd_¡ > Obe integers and assume that at least two of h,'s are positive. Then there exists a non-Buchsbaum but quasi-Buchsbaum local integral domain A of dim A = d and such that lA(H'm(A)) = h¡ for all 1 ^ ; ^ rf -1. Moreover if h{ = 0 the ring A can be chosen to be normal.
Now let us recall some definition. For a while let A be a Noetherian local ring with maximal ideal m and M a finitely generated A -module of dimension d. Then we say that M is Buchsbaum (resp. quasi-Buchsbaum) if every system a,, a2,. ■ ■, ad of parameters for M (resp. at least one (and hence every) system au a2,. ■ ■, ad of parameters for M contained in m2 ) forms a weak M-sequence, that is, the equality («,,.-.., <*i-i)M: a¡ = (a,,..., a,_,)M: m holds for any 1 < /' < d, cf. [7] (resp. [9] ). The ring A is called a Buchsbaum (resp. quasi-Buchsbaum) ring if A is a Buchsbaum (resp. quasi-Buchsbaum) module over itself.
Buchsbaum modules are of course quasi-Buchsbaum and a given finitely generated ^4-module M is quasi-Buchsbaum if and only if m • H'm{M) = (0) for all i * d [9] . Moreover, provided that H'm{M) = (0) for ¡' =*= t, d where t = depth^ M, a quasi-Buchsbaum A -module M is always Buchsbaum [8] . Nevertheless, without this extra assumption, quasi-Buchsbaum modules are not necessarily Buchsbaum: the first counterexample was given by J. Stückrad in ring case of dimension 2 [10] and subsequently the author guaranteed, expanding Stiickrad's idea, that for any integer d > 2, there exists a non-Buchsbaum but quasi-Buchsbaum local ring A of dimension d and with H^(A) = (0) for all i; =*= 0,1, d [2] . However even in the latter examples, the rings A are still of depth 0 and almost all the local cohomology modules H^(A) vanish. On the contrast, according to Theorem (1.1), one can handle numerous non-Buchsbaum quasi-Buchsbaum normal rings with arbitrary local cohomology.
Quasi-Buchsbaum rings have just begun to be explored and several remarkable results are recently given by [4, 9 and 11] on quasi-Buchsbaum rings and modules which are not necessarily Buchsbaum. As the theory of quasi-Buchsbaum rings itself is interesting enough to be developed, it is required, first of all, to establish the ubiquity of non-Buchsbaum but quasi-Buchsbaum rings and modules together with many examples. From this point of view our Theorem (1.1) may have some interest.
Our method of construction of examples is the same as in [2] which established the ubiquity of Buchsbaum rings. However for the present purpose we need a few preliminaries on quasi-Buchsbaum modules over polynomial rings that we shall summarize in the next section. The proof of Theorem (1.1) itself is simple and shall be given in §3.
2. Quasi-Buchsbaum modules over polynomial rings. In this section let 5 = k[X\, X2,..., X"] be a polynomial ring with « (« > 3) variables over a field k and n = S+, the irrelevant maximal ideal in 5. We denote by Hg(*), for each/?, the/?th local cohomology functor relative to n. Given a graded 5-module M and an integer /?, let M(p) stand for the graded 5-module which coincides with M as underlying modules and whose graduation is given by [M(p)]q = Mp+q for all q e Z.
A finitely generated graded 5-module M is simply said to be Buchsbaum (resp. quasi-Buchsbaum) if the 5n-module Mn is Buchsbaum (resp. quasi-Buchsbaum).
be a graded minimal free resolution of the 5-module k = 5/n. Recall that the resolution (F) can be identified with the Koszul complex of 5 generated by the elements A",, X2,..., X". For each 0 < / < n -1 we put
Then we clearly have the following Lemma (2.1). Let 1 < i < n -I. Then (1) d\msM¿ = n. Proof. Cf., e.g. [3, (3.1)].
We choose an 5-free basis {e,}i<1<n of F, so that e,'s are homogeneous elements of degree 1 and/,(e,) = X¡ for any 1 < i < n. Let 2 < t < « -1 be an integer. For each subset J of {1,2,..., «) with #7 = t, we put where / runs over the subsets / of {1,2,...,«} with #J = t and such that J*{\,2,...,t). Proof. Assertion (1) is obvious and Assertion (2) follows by induction on s from the above exact sequence (#). Consider Assertion (3). By (2.2)(3) we may assume that s > 2 and that our assertion is true for s -1. Apply functors Ext's(5/n, * ) and H'n{ + ) to the exact sequence (#) and we get, for each 0 < i < n -1, a commutative square 3), we see by (2. 3) that the canonical map «'/ ' is not surjective for some / < d -1. Therefore, by the above commutative squares we immediately find that for some 0 < i < d -1, the map h'R is not surjective. As dim R = d, this guarantees again by (2. 3) that R is not a Buchsbaum ring. Thus the local ring A = Rn satisfies all the requirements in Theorem (1.1), which completes the proof of Theorem (1.1).
